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Scaling analysis of the magnetic-field-tuned quantum transition in superconducting
amorphous In–O films
V.F. Gantmakher∗, M.V. Golubkov, V.T. Dolgopolov, G.E. Tsydynzhapov, and A.A. Shashkin
Institute of Solid State Physics, Russian Academy of Sciences, 142432 Chernogolovka, Russia
We have studied the magnetic-field-tuned superconductor-insulator quantum transition (SIT) in
amorphous In–O films with different oxygen content and, hence, different electron density. While
for states of the film near the zero-field SIT the two-dimensional scaling behaviour is confirmed,
for deeper states in the superconducting phase the SIT scenario changes: in addition to the scal-
ing function that describes the conductivity of fluctuation-induced Cooper pairs, there emerges a
temperature-dependent contribution to the film resistance. This contribution can originate from the
conductivity of normal electrons.
PACS numbers: 71.30 +h, 74.40 +k
The scaling analysis is an important experimental
tool for studying quantum phase transitions. For two-
dimensional (2D) disordered superconductors, alongside
with the zero-field superconductor-insulator transition
(SIT) as driven by disorder change in the film, there ex-
ists a SIT that is induced by a normal magnetic field. A
scenario of the field-induced SIT was proposed in Ref. 1:
at zero temperature the normal magnetic field alters
the state of a disordered film from superconducting at
low fields, through a metallic one at the critical field
B = Bc with the universal sheet resistance Rc close to
h/4e2 ≃ 6.4 kΩ, to an insulating state at fields B > Bc.
The SIT was supposed to be continuous with the cor-
relation length ξ of quantum fluctuations, diverging as
ξ ∝ (B − Bc)
−ν , where the critical index ν > 1. At a
finite temperature the size of quantum fluctuations is re-
stricted by the dephasing length Lφ ∝ T
−1/z with the
dynamical critical index z, which determines the charac-
teristic energy U ∼ ξ−z and
is expected to be equal to z = 1 for SIT.
The ratio of these two length parameters defines the
scaling variable u so that near the transition point (T =
0, Bc) all data R(T,B) as a function of u should fall on
a universal curve
R(T,B) ≡ Rcr(u), u = (B −Bc)/T
1/zν . (1)
Although small in the scaling region, temperature de-
pendent corrections with the leading quadratic term are
expected to the critical resistance Rc
1,2.
The above theoretical description is based on the con-
cept of electron pair localization which has been sup-
ported by a recent publication3. In that paper it is
shown that for 2D superconducting films with sufficiently
strong disorder the region of fluctuation superconductiv-
ity, where the localized electron pairs
(called also boson1 and cooperon3)
occur, should extend down to zero temperature. In this
region the unpaired electrons are supposed to be localized
because of disorder in a film.
So far, a theory of the field-driven 3D quantum SIT
has not been created. An idea to consider the quantum
SIT for 3D disordered systems in zero magnetic field in
terms of charged boson localization4 was not at first ac-
cepted because the fluctuation superconductivity region
was regarded to be small. In fact, as was shown later
in Ref. 5, the fluctuation region enlarges as the edge of
single electron localization is approached. This gives an
opportunity to apply the scaling relation deduced for 3D
boson localization6 also for the field-induced SIT descrip-
tion
R(T, u) ∼ T−1/z r˜(u), (2)
where r˜(u) is a universal function and the scaling variable
u is assumed to have the same form as defined by Eq. (1).
From Eqs. (1) and (2) it follows that in the vicinity of
Bc the isotherms R(B) are straight lines with slopes
∂R
∂B
∝ T−(d−2+1/ν)/z, (3)
where d is the system dimensionality. Because the be-
haviours of the resistance in the relations (1) and (2) are
very different, the problem of the film dimensionality is
of major importance.
Data obtained in experimental studies on a-In–O7, a-
Mo–Ge8, and a-Mo–Si9 followed the 2D scaling relation
(1) except for the universality of the Rc value.
This was regarded as evidence of existence of SIT. The
failure in satisfying the scaling relations in ultrathin Bi
films10 was interpreted as indication of the absence of
SIT and crossover observation between different flux-flow
regimes. Studies7–9 did not give arguments backing bo-
son localization. At the first time such arguments are
appeared by interpretation of the resistance drop at high
fields observed on a-In–O films12,13.
Here, we perform the detailed study of the scaling re-
lations near the field-induced SIT for different states of
an a-In–O film. We find that the 2D scaling relation
(1) holds for film states near the zero-field SIT but pro-
gressively fails as the zero-field SIT is departed from.
This failure is manifested by the appearance of an ex-
tra temperature-dependent term in the film resistance.
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TABLE I. Parameters of the studied states of the sample.
State Rr, kΩ Rc, kΩ Bc, T α, K
−1
1 3.4 7.8 2.2 0
2 3.1 8 5.3 -0.1
3 3.0 9.2 7.2 -0.6
The experiments were performed on 200 A˚ thick amor-
phous In–O films evaporated by e-gun from high-purity
In2O3 target onto a glass substrate
14.
This material proved to be very useful for investiga-
tions of the transport properties near the SIT7,11,12,15,16.
Oxygen deficiency compared to fully stoichiometric insu-
lating compound In2O3 causes the film conductivity. By
changing the oxygen content one can cover the range from
a superconducting material to an insulator with activated
conductance15. The procedures to change reversibly the
film state are described in detail in Ref. 12. To reinforce
the superconducting properties of our films we used heat-
ing in vacuum up to a temperature from the interval 70 –
110◦C until the sample resistance got saturated. To shift
the film state in the opposite direction we made exposure
to air at room temperature. As the film remains amor-
phous during these manipulations, it is natural to assume
that the treatment used results mainly in a change of the
total carrier concentration n and that there is a critical
concentration nc corresponding to the zero-field SIT.
The low-temperature measurements were carried out
by a four-terminal lock-in technique at a frequency of
10 Hz using two experimental setups: a He3-cryostat
down to 0.35 K or Oxford TLM-400 dilution refrigera-
tor in the temperature interval 1.2 K – 30 mK. The ac
current was equal to 1 nA and corresponded to the linear
regime of response. The aspect ratio of the samples was
close to one.
We investigated three different homogeneous states of
the same amorphous In–O film17. We characterize the
sample state by its room temperature resistance Rr. As-
suming that the disorder for all states is approximately
the same, we have for the carrier density n ∝ 1/Rr, i.e.,
the smaller Rr, the deeper the state in the superconduct-
ing phase and, hence, the larger the value of Bc.
The parameters of the investigated states are listed in
Table I. State 1 is the closest to the zero-field SIT and
state 3 is the deepest in the superconducting phase.
Sets of the isomagnetic curves R(T ) for all studied
states are depicted in Fig. 1. For each set the curves can
be divided roughly into two groups by sign of the sec-
ond derivative: the positive (negative) sign corresponds
to the insulating (superconducting) behaviour. Hence-
forth, the boundary isomagnetic curve Rc(T ) between
superconductor and insulator, which corresponds to the
boundary metallic state at T = 0, will be referred to as
separatrix. While for state 1 it is easy to identify the hor-
izontal separatrix in accordance with Eq. (1), for states
2 and 3 the fan and separatrix are ”tilted”, i.e., each of
the curves in the lower part of the fan is a maximum at
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FIG. 1. Temperature dependences of the resistance of the
studied states for different magnetic fields. The separatrices
Rc(T ) are shown by solid lines.
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FIG. 2. Isotherms in the (B,R) plane for states 1 and 3.
The curve intersection region for state 3 is blown up in the
inset. The circles mark the crossing points of the isotherms
with neighbouring temperatures.
a temperature Tmax which shifts with B. To determine
the separatrix Rc(T ) one has to extrapolate the maxi-
mum position to T = 0 for which it is good to know the
extrapolation law as the accessible temperature range is
restricted.
The absence of a horizontal separatrix for states 2 and
3 can also be established from the behaviour of isotherms
R(B) (Fig. 2). As seen from the figure, the isotherms of
state 1 cross at the same point (Bc, Rc) whereas those of
state 3 form an envelope.
To determine Bc and Rc for states 2 and 3 we use the
simplest linear extrapolation to T = 0 of the functions
R(Tmax) and B(Tmax), see Fig. 3. The open symbols cor-
respond to the maximum positions on isomagnetic curves
(Fig. 1) and the filled symbols represent the data ob-
tained from the intersections of consecutive isotherms19
(Fig. 2): if two consecutive isotherms at close tempera-
tures T1 and T2 intersect at a point (Bi, Ri), the isomag-
netic curve at the field Bi reaches its maximum ≈ Ri at
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FIG. 3. Dependences R(Tmax) and B(Tmax) as determined
from the data in Fig. 1b (open symbols) and Fig. 2b (filled
symbols). The values of Rc and Bc are obtained with the
help of linear extrapolations (solid lines). The dotted line is
a guide to the eye.
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FIG. 4. Behaviour of ∂R/∂B with temperature for states
1 and 3. The values of exponent zν are indicated.
Tmax ≈ (T1 + T2)/2.
As seen from Fig. 3, the dependence B(Tmax) is weak
and so we believe that the linear extrapolation is good
to extract Bc. In contrast, the accuracy of the determi-
nation of Rc is poor.
The derivative ∂R/∂B near Bc as a function of tem-
perature is shown in Fig. 4. The exponent turns out to
be the same within experimental uncertainty for the film
states 1 and 3 and is in agreement with results of Refs. 7,8
where authors argued observation of the field-induced 2D
SIT for states close to the zero-field SIT. This fact is in
favour of 2D SIT scenario also for deeper film states in
the superconducting phase.
Knowing Bc and the scaling exponent we can replot
the experimental data as a function of scaling variable
u (Fig. 5). As seen from Figs. 5a and b, for state 1 the
data collapse onto a single curve whereas for state 3 we
obtain a set of similar curves shifted along the vertical
axis. Subtracting formally from R(T,B) the linear tem-
perature term RcαT (where α is a factor) does reveal
the 2D scaling behaviour for state 3 (Fig. 5c). We note
that the procedure of dividing the experimental data in
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FIG. 5. Scaling plots for state 1 (a) and for state 3 without
(b) and with (c) the linear temperature term.
Fig. 5b by Rc(T ), which corresponds to the formula (2)
for 3D scaling, does not lead to success.
Thus, we find that the 2D scaling holds for states near
the zero-field SIT while the data for deeper states in the
superconducting phase are best described by the relation
(1) with an additive temperature-dependent correction
f(T )
R(T,B) ≡ Rc[r(u) + f(T )]. (4)
To get a basis for the formal analysis of the experimen-
tal data we have to answer two questions: (i) whether
our film is really 2D; and (ii) what is the physical ori-
gin for the temperature dependence of Rc(T )? In the
first case we need to compare the film thickness h with
characteristic lengths. These are the coherence length
ξsc = ch¯/2eBc2l (where l is the mean free path in normal
state) in superconducting state and the dephasing length
Lφ(T ) ≃ h¯
2/mξscT
1,2 that restricts the diverging corre-
lation length ξ in the vicinity of quantum SIT. Knowing
the normal state film resistance R ≈ 5 kΩ at T ≈ 4 K and
assuming that we deal with the amorphous 3D metal in
which the mean free path is normally close to the lowest
possible value l ≈ 1/kF , we estimate the length l ≈ 8 A˚.
If we crudely evaluate the field Bc2 at Bc = 7.2 T as
determined for state 3, we get
upper limit of
ξsc ∼ 500 A˚ and Lφ ∼ 400 A˚ at T = 0.5 K. This
supports the 2D scenario of quantum SIT although in
the normal state the film turns out to be 3D.
With respect to the temperature-dependent Rc(T ), at
finite temperatures the conductivity of the film near Bc
should include the contribution from localized normal
electrons in addition to the conductivity defined by the
diffusion of fluctuation-induced Cooper pairs3,8. It is
the normal electron conductivity that explains the non-
universality of the critical resistance8 as well as the addi-
tional term in Eq. (4). We write this term in the general
form because the linear extrapolation used is likely to
break in the vicinity of T = 0.
3
So, all of the experimental observations can be rec-
onciled with the 2D scaling scenario. Intriguingly, the
same scaling behaviour has been established in a parallel
magnetic field21. Although not in favour of 2D concept,
this fact indicates that the restrictions imposed by the
theory1 may be too severe.
We would like to mention an alternative way to make
up for the term f(T ) in Eq. (4): to introduce the
temperature-dependent field Bc(T ) defined through the
constancy of Rc. Formally both ways are equivalent
and correspond to shifts of the isotherms in Fig. 2 ei-
ther along the R-axis or along the B-axis so that in
the vicinity of transition a common crossing point is at-
tained. In contrast to the normal behaviour of the critical
fields in superconductors, the so-defined Bc(T ) increases
with temperature. This can be interpreted in terms of
temperature-induced boson delocalization.
In summary, in experiments on amorphous In–O films
with different oxygen content we have found a change
of the field-driven 2D SIT scenario as the film state de-
parts from the zero-field SIT. For deep film states in
the superconducting phase, in addition to the universal
function of scaling variable that describes the conduc-
tivity of fluctuation-induced Cooper pairs, there emerges
a temperature-dependent contribution to the film resis-
tance. This contribution can be attributed to the con-
ductivity of normal electrons.
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